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Mathematical models for macro-scale mass transfer in airlift loop reactors
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Abstract

Inter-phase mass transfer is an important issue for design and development of airlift loop reactors of high performance in either chemical or
biochemical applications. In this work, the axial dispersion in both gas and liquid phases was taken into account for modeling the macro-scale mass
transfer in airlift loop reactors. Finite difference method was used to numerically solve the differential equation system of the mass transfer model.
For oxygen, the numerical results showed that the solute concentration of the gas phase can be treated as constant and the flow pattern of the liquid
phase as a plug flow. Based on the conclusion obtained from numerical solution, the mass transfer model was simplified and the analytical solution
of the simplified model was obtained. Comparison between the numerical and analytical solutions showed that the simplification of the model
was reasonable and there was almost no influence on the calculated results. Experimental measurements on the mass transfer rate were carried
out to verify the mathematical model. The comparison between the experimental and calculated results showed that the mass transfer model has
s
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atisfactory prediction ability and can be used to describe the mass transfer process in airlift loop reactors.
2006 Elsevier B.V. All rights reserved.
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. Introduction

Airlift loop reactors have emerged as one of the most
romising devices in chemical, biochemical and environmental
ngineering operations. Its main advantages over conventional
eactors include excellent contact among the gas–liquid–solid
hases, ease of removal or replenishment of solids, and high
eat and mass transfer rates [1,2]. A high gas–liquid contacting
rea and a favorable flow pattern are the attractive properties of
his type of three-phase contactors. Typical processes that can
se this type of reactor include synthesis of methanol or dimethyl
ther from syngas, coal liquefaction, Fischer–Tropsch synthesis
nd petroleum refining [3].

Inter-phase mass transfer is an important issue in develop-
ent and design of airlift loop reactors with high performance

or either chemical or biochemical applications. Multiphase
eactors require efficient mixing and high mass transfer rate in
rder to achieve a better performance for chemical reaction.
irlift loop reactors have been proven to be able to realize high
ass transfer rate and efficient mixing [4,5]. Most researchers

ocused on the investigation of volumetric mass transfer coef-

ficient under different operation conditions [6–8] or the profile
of solute concentration [9]. Only a few researchers investigated
the dynamic mass transfer process [10,11]. Korpijarvi et al. [11]
applied the axial dispersion equation to the gas and liquid phases
in an airlift loop reactor. A general model consisting of a set of
partial different equation was established. Because their reactor
was not tall enough, they did not find the evolution of oxygen
concentration should be a staircase curve [10]. Dhaouadi et al.
[12] established a simple model under the assumption that liquid
flow in the riser and down-comer are plug flow and the oxygen
concentration in gas phase is constant. Even though this model
can explain the dynamic mass transfer process, the reason that
the general model can be simplified with such assumptions had
not been proved. For such gases with low solubility as oxygen
and nitrogen, it is correct to regard the solute concentration as
constant. However, this assumption is incorrect for gases with
high solubility, such as chlorine hydride and ammonia. There-
fore, it is important to study when the solute in gas phase can be
regarded as constant.

Airlift loop reactors were regarded as continuous stirred tank
reactors when calculating the mass transfer coefficient [4,13].
However, there was no verification about the validation of these
∗ Corresponding author. Tel.: +86 10 62785464; fax: +86 10 62772051.
E-mail address: wangjf@flotu.org (J. Wang).

simplifications for the macro-scale mass transfer models [14].
Therefore, it is of significance to ascertain the behavior of dif-
ferent mass transfer models and establish practical and simple
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Nomenclature

a cross-sectional area (m2)
C oxygen concentration (mol/m3)
E dispersion coefficient (m2/s)
h reactor height (m)
H Henry’s constant (m3/mol)
k mass transfer coefficient (m2/s)
p pressure (Pa)
t time in Lagrange coordinate (s)
u velocity (m/s)
U superficial velocity (m/s)
x Eulerian axial coordinate (m)

Subscripts
D time delay
G gas
L liquid

Greek symbols
ε gas holdup
ξ Lagrange axial coordinate (m)
τ time in Lagrange coordinate (s)

models to describe the dynamic mass transfer process in airlift
loop reactors. Because the airlift loop reactor was often used
as bioreactor in the early time, air was often used as the gas
phase. In most literature, oxygen mass transfer coefficient was
used to represent the mass transfer ability of an airlift loop reac-
tor [11,15]. So in this paper, air is regard as the gas phase and
oxygen as the solute.

In the present paper, axial dispersion equation was applied to
the gas and liquid phase in the riser and inter-phase mass transfer
was source terms for the two equations. A general mass transfer
model was established and the model consisted of a set of partial
different equations. On the basis of the numerical results, it was
shown that the liquid flow in the riser can be regarded as a plug
flow and the solute in gas phase due to inter-phase mass transfer
is negligible. The general model was simplified to give a simple
model. Then an analytical solution was obtained in the Lagrange
coordinate. The numerical solution of the general model was
compared with the analytical solution of the simplified model.
They showed less difference and their trends reaching the sat-
urated concentration were similar. The analytical solution was
also verified by the experimental measurements under consid-
eration of the response delay of the oxygen sensor. The results
proved that the simplified model can be used to describe the
evolution of the oxygen concentration in airlift loop reactors.

2

2

fl

[10]. The existence of the separator was considered as a pro-
longation of the riser [12]. Because there are few bubbles in
the down-comer, the flow in it was considered as a plug flow.
The stream in the down-comer only possesses a pure time delay,
τD, therefore, there is no inter-phase mass transfer there. The
oxygen concentration at the exit of the down-comer is the oxy-
gen concentration at the entrance of the down-comer after τD.
The axial dispersion model is applied for the liquid and gas
phases in the riser to set up the mass transfer model. For internal-
loop airlift reactor, bubbles were entrained into the down-comer
and there was inter-phase mass transfer in the down-comer. τD
should be replaced by an axial dispersion equation of the down-
comer, which does not make the model more complicated. The
control equations of mass transfer in the riser can be written
as [16]:

∂CL

∂t
= EL

∂2CL

∂x2 − UL

1 − ε

∂CL

∂x
+ 1

1 − ε
kLa

(
CG

H
− CL

)
(1)

∂CG

∂t
= EG

∂2CG

∂x2 − UG

ε

∂CG

∂x
− 1

ε
kLa

(
CG

H
− CL

)
(2)

These partial differential equations should be complemented
with initial conditions:

CL(x, 0) = 0, CG(x, 0) = 0 (3)
. Macro-scale mass transfer models

.1. General model

Due to the agitation of bubbles and liquid back-mixing, the
ow in the riser was modeled with a axial dispersion model
and boundary conditions:

CL(0, t + τD) = CL(h, t), CG(0, t) = C∗
G (4)

x = h :
dCL

dx
= 0;

dCG

dx
= 0 (5)

Here C∗
G is the oxygen concentration in gas phase at the entrance

of the riser.

2.2. Numerical solution of the general model

The macro-scale mass transfer model of an airlift loop reactor
consists of a set of partial differential equations. The pres-
ence of advection terms and source terms in Eqs. (1) and (2)
makes the differential equations difficult to be solved analyti-
cally. Hence numerical methods have to be used to solve the
partial differential equation set. The upwind scheme was used
to the advection terms and the central difference scheme to
the dispersion terms [17]. Difference equations of the mass
transfer model can be obtained after discretization treatment as
follows:

Cn
L,i − Cn−1

L,i

�t
= EL
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L,i−1
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H
− Cn−1

L,i

)
(6)
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Table 1
Parameters needed in the model

h (m) 4
UL (m/s) 1
H (m3/mol) 1.8228 × 106

T (K) 298.15
kLa (s−1) 0.1
UG (m/s) 0.08
CG0 (mol/m3) 9.5662
EL (m2/s) 0.1
EG (m2/s) 0.01
εG 0.06

Cn
G,i − Cn−1

G,i

�t
= EG

Cn
G,i+1 − 2Cn

G,i + Cn
G,i−1

�x2

− UG

ε

Cn
G,i+1 − Cn

G,i−1

2�x

− 1

ε
kLa

(
Cn−1

G,i

H
− Cn−1

L,i

)
(7)

The following abbreviations are introduced:

µL = EL�t

�x2 , λL = UL�t

2(1 − ε)�x
, βL = kLa

1 − ε
(8)

µG = EG�t

�x2 , λG = UG�t

2(1 − ε)�x
, βG = kLa

ε
(9)

Then Eqs. (6) and (7) are shown as follows:
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Fig. 1. The axial profile evolution of oxygen concentration in gas phase.

the hypothesis experiment, the conclusion for simplifying the
general model is obtained.

Fig. 1 shows the axial profile of oxygen concentration of the
gas phase in the riser at different time obtained from the numeri-
cal solution. The step change of the oxygen concentration in the
gas phase moves from the entrance to the exit of the riser. And
the steep leading edge becomes more and more smooth along
the upward flow due to the gas phase dispersion. Even though
there exist axial dispersion and inter-phase mass transfer in gas
phase, the oxygen concentration in the gas phase is almost con-
stant because the consumed oxygen amount due to inter-phase
mass transfer is much less than its total amount. Therefore, the
oxygen concentration of the gas phase in the riser almost keeps
constant after the leading edge. And the oxygen concentration
will keep constant in the whole riser when the step edge of
the oxygen concentration of gas phase reaches the exit of the
riser.

Fig. 2 shows the axial profile of oxygen concentration of the
liquid phase in the riser under a time interval of 1 s. The oxy-
gen concentration evolves wavelike due to the liquid circulation
and the wave peak becomes flatter and flatter with the liquid
circulation. The oxygen concentration in liquid phase increases
gradually. Even though there exists axial dispersion, the dis-
tribution of oxygen concentration in axial direction is distinct.

F

= (1 − βG)
H

+ βGCL,i (11)

he boundary conditions at the exit of the riser are discretized
s:

n
L,i = Cn−1

L,i − 2λL(Cn−1
L,i − Cn−1

L,i−1) + βL

(
Cn−1

G,i−1

H
− Cn−1

L,i

)

(12)

n
G,i = Cn−1

G,i − 2λG(Cn−1
G,i − Cn−1

G,i−1) − βG

(
Cn−1

G,i−1

H
− Cn−1

L,i

)

(13)

The parameters needed are given in Table 1. Henry constant
as obtained from physical chemistry manual and others were
etermined based on the experimental measurements. Liquid
elocity and gas holdup can be measured experimentally. All
he parameters are in the range of the data in literatures [18,19].
his is a hypothetical experiment. From the numerical result of
 ig. 2. The axial profile evolution of oxygen concentration in liquid phase.
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Fig. 3. Evolution of oxygen concentration obtained from the general model.

This shows that the model can be simplified by neglecting the
dispersion terms. The evolutions of oxygen concentration in
liquid phase at different axial positions are staircase curves,
as illustrated in Fig. 3. The oxygen concentration increases
rapidly at the beginning, and then reaches andante the satu-
rated concentration. Because of the existence of time delay in
the down-comer, there are some stagnations of oxygen concen-
tration during its evolution and the evolution is staircase curve.
Similar result had also obtained by Dhaouadi et al. experimen-
tally [10].

2.3. Simplified model

As shown in Figs. 1 and 2, the axial dispersion has no
remarkable influence on the profile of oxygen concentration
in liquid phase and the assumption of oxygen in gas phase
can be negligible. Therefore, the oxygen concentration in gas
phase at one axial position, x, can be regarded as constant when
t > x/uG and the dispersion term can be ignored. Both the liquid
flows in the riser and down-comer are considered as plug flow.
Hence Eqs. (1) and (2) can be reduced to one partial differential
equation:

∂CL

∂t
+ uL

∂CL
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= k
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)
(14)
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is proportional to the static pressure:

p(x) = p(0) − (p(0) − p(h))
x

h
(16)

CG(x) = CG0
p(x)

p(0)
(17)

a = 1 − p(h)/p(0)

h
(18)

CG(x) = CG0(1 − ax) (19)

where p(x) is the pressure at the axial position, x.
For internal-loop airlift reactor, there is mass transfer in

the down-comer. Axial dispersion model with source term
should be applied to the down-comer. The simplification pro-
cess is similar to the previous derivation and the process to
solve it is similar to the following method by using coordinate
transform.

2.4. Analytical solution of the simplified model

Eq. (14) was set up in the Eulerian coordinate. Laplace trans-
form has been used to solve this partial differential equation in
literature [12]. However, the solution procedure is very cumber-
some and the result is also a complexity. Because of the neglect
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nd uL and k are determined from UL and ε as:

L = UL

1 − ε
, k = kLa

1 − ε
(15)

The initial conditions, Eq. (3), and boundary conditions, Eq.
4), are also used here. The oxygen concentration at the top of
he riser is the concentration at the bottom of the riser after time
elay, τD.

When the reactor is high enough, the changes in gas phase
xygen concentration will have effect on dynamic mass transfer
rocess when the reactor is high enough. The effect of static
ydrodynamic pressure effect on the solute concentration in gas
hase was taken into account. The pressure at the column bottom
as taken as the reference. Because the assumption of oxygen in
as phase can be negligible, the gas phase oxygen concentration
f dispersion term, we can focus on an infinitesimal fluid ele-
ent that flows at a velocity of uL. The axial position of the fluid

lement is ξ at time τ0. The Eulerian coordinate can be trans-
ormed to Lagrange coordinate by a coordinate transformation.
hen the advection term in Eq. (14) disappears and the partial
ifferential equation becomes an ordinary differential equation
s following:

dCL(ξ, τ)

dτ
= k(C0

L(1 − aξ − auτ) − CL(ξ, τ)) (20)

= ξ + uLτ (21)

= τ + τ0 (22)

0
L = C∗

G

H
(23)

he analytical solution of Eq. (20) can be obtained easily and
eads:

L(ξ, τ) = C0
L(1 − aξ) − C0

Lauτ + C0
Lau

k
+ F (ξ) exp(−kτ)

(24)

(ξ) = CL(ξ, τ0) − C0
L(1 − aξ) − C0

Lau

k
(25)

q. (24) showed the evolution of oxygen concentration in an
nfinitesimal fluid element moving at the velocity uL from the
xial position, ξ, at time τ0. If we assume that the fluid element
ocates at ξ = 0 when τ0 = 0, and then it will move to x = uLt when
= t. According to this relationship, the concentration at (x, t)
an be determined by the concentration at (0, t − x/u) and the
ime delay, x/u. In this way, the coordinate can be transformed
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Fig. 4. Evolution of oxygen concentration obtained from the simplified model.

back from Lagrange to Eulerian coordinate and Eq. (24) can be
presented as:

CL(x, t) = C0
L − C0

Lax + C0
Lau

k

+
(

CL

(
0, t − x

u

)
− C0
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k

)
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−k

x

u

)
(26)

The oxygen concentration at the exit of the riser can be
obtained from Eq. (26) by substituting x with h:

CL(h, t) = C0
L − C0

Lah + C0
Lau

k
+
(
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(
0, t − h

u

)
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k

)
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Combining Eqs. (4) and (27), the liquid concentration at the riser
entrance can be expressed in a function of time as:

CL(0, t + τD) = C0
L − C0

Lah + C0
Lau

k
+
(

CL

(
0, t − h

u

)
− C0

L − C0
Lau

k

)
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(
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u
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Eq. (28) is equivalent to the following equation:

CL(0, t) = C0
L − C0

Lah + C0
Lau

k
+
(

CL

(
0, t − h

u
− τD

)
− C0
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k

)
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u

)
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When t < h/uG + τD, the concentration at the entrance of the riser
i
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Fig. 5. Influence of Peclet number on the mass transfer behavior.

stagnations of oxygen concentration from the simplified model
are more abrupt here. The step change will become less and less
and approach exponential increase by and by with increasing
liquid velocity. Because of the time delay of the dissolved oxy-
gen sensor, the experimental data would be a smooth curve at
high liquid velocity.

3. Comparison of the models

Fig. 5 presents the evolution of oxygen concentration under
different Peclet numbers. The dash line, Pe = 40, represents the

r
t
r
m
l
n
d

s zero. And when h/uG + τDt < h/uL + τD, the concentration fol-
ows an exponential function. That is:

L(0, t) =

⎧⎪⎪⎨
⎪⎪⎩

0, t ≤ h

uG
+ τD

C0
L

[
1 − exp

(
(uGt − h)k

uG − uL

)]
,

h

uG
+ τD < t ≤

hen the liquid concentration at any axial positions in the riser
an be calculated from Eqs. (26) and (29).

The parameters used in the simplified model are the same
s those in Table 1. Fig. 4 presents the evolution of oxygen
oncentration of the liquid phase at different axial positions.
imilar to Fig. 3, the oxygen concentration increases rapidly
t the beginning, and then reaches andante the saturated con-
entration. Because of ignoring the dispersion in the riser, the
+ τD

(30)

esults of the numerical solution from the general model under
he conditions listed in Table 1 and the solid line, Pe = ∞, rep-
esents the results of the analytical solution from the simplified
odel. The difference between the dash line and solid is very

ess. This shows that the analytical solution can approach the
umerical solution very well at large Peclet number. The short
ot line, Pe = 0, is drawn based on the assumption that the riser is
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Fig. 6. Comparison of the numerical solution from the general model to the
analytical solution from the simplified model under different Henry’s constants.

considered as continuous stirred tank reactor. Fig. 5 shows that
the step changes become more and more smooth with decreasing
Peclet number. But the trend that it reaches the saturated oxygen
concentration is coincident. As reported by literatures, Peclet
number is larger than 40 [20–22], so the analytical solution can
be used to substitute the numerical solution in reality. During
measuring the dissolved oxygen in the liquid phase, the sensor
response coefficient smoothes the step change and weakens the
effect of dispersion. This would further reduce the difference
between these two models and made the simplified model coin-
cided with the experimental data.

If the mass transfer coefficient is large enough or the Henry
number is little enough, the inter-phase mass transfer pro-
cess would influence the solute concentration in the gas phase
remarkably. This would lead to the fact that the solute concen-
tration in the gas phase cannot be regarded as constant. And
the analytical solution of the simplified model would not coin-
cide with the numerical solution of the general model in this
case. Therefore, it is important to investigate the influence of
the solute’s solubility on the mass transfer process. Because the
volumetric mass transfer coefficient, kLa, is usually less than
0.4 s−1 in gas–liquid or gas–liquid–solid systems [6,7,23,24],
the influence of Henry number is investigated in the case of
kLa = 0.4 s−1. Fig. 6 compared the evolution of oxygen con-
centration under different Henry numbers. The results show
that the analytical solution can substitute the numerical solution
e
1

4

t
o
a
c
g
g
c

Fig. 7. The schematic diagram of the experimental apparatus.

The well-known transient gassing-in (or gassing-out) tech-
nique [25] was employed for the determination of the overall
volumetric mass transfer coefficient (kLa): a batch of liquid (or
slurry) was deaerated to a low oxygen concentration by bubbling
nitrogen. The nitrogen supply was then switched to air feed into
the riser with a pre-set value. The time-change in dissolved oxy-
gen (DO) in the reactor was monitored from the time point at
which the air-flow began.

An ultrasonic Doppler velocimetry was used to measure the
liquid velocity, uL [26]. Gas holdup in the riser of the airlift
loop reactor was determined by measuring the hydrodynamic
pressure differences with invert U-tube manometers. And the
time delay τD was then obtained from the liquid velocity, uL,
and the down-comer height h. The experimental sensor response
coefficient, kp, took a value of 0.125 s which was determined by
a classical concentration switch method [19]. The volumetric
mass transfer coefficient, kLa, was determined by sensitivity
analysis based on the experimental measured data.

The experimental data measured by the sensor is influenced
not only by the oxygen concentration in the liquid phase, but
also by the sensor response coefficient, kp. In order to verify the
simplified model, the analytical solution based on the parame-
ters mentioned previously had to convolute with the following
equation:

Γ (t) = kp exp(−kpt) (31)

r
m
v
u
e
c
t
p

ven though the Henry number takes a very small value such as
00 m3/mol.

. Model verification

Experiments were carried out in an airlift external-loop reac-
or with a height of 3.5 m, as shown in Fig. 7. The diameter
f the riser and down-comer are 100 mm. Tap water was used
s liquid phase for the experiments and the feed of gas phase
ould be switched from air to nitrogen or vice versa. The oxy-
en concentrations were measured at a position of 3 m above the
as distributor in the riser by Galvanic cell type oxygen sensor
onnected to a data-acquisition system.
Fig. 8 illustrates the comparison between the calculated
esults from the simplified model, shown by lines, and the experi-
ental measured results, shown by different symbols. The liquid

elocity was obtained by ultrasonic velocimeter [26]. The vol-
metric mass transfer coefficients, kLa, were obtained from
xperiments by sensitivity analysis under different operating
onditions [10,11], as shown in Fig. 8. By taking into account
he sensor response coefficient [27], even through the axial dis-
ersion is ignored in the simplified model, the simplified model
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Fig. 8. Comparison between the experimental and calculated results under
different operating conditions: curves, calculated; symbols, experimental mea-
sured.

can still satisfactorily describe the mass transfer process in the
airlift loop reactor in detail. The analytical results from the
mass transfer model for the airlift loop reactor agree well with
the experimental measurements. This shows that the simplified
model is reasonable and can be used to predict the axial profile of
oxygen concentration and the evolution of oxygen concentration
at certain positions in the riser.

5. Conclusions

A mass transfer model was established for airlift loop reac-
tors based on the axial dispersion model for the gas and liquid
phases, respectively. The proposed model was a set of par-
tial differential equations that can only be solved by using
finite difference method numerically. The numerical results
from the general mass transfer model showed that the oxy-
gen concentration of the gas phase in the riser can be regarded
as constant and the liquid flow can be considered as plug
flow.

Based on the numerical results, the general mass transfer
model was simplified by assuming a constant oxygen concen-
tration in the gas phase and ignoring the axial dispersion in
the liquid phase. The simplified model was solved analytically
by using a method of coordinate transform from Eulerian to
Lagrange coordinate. Comparison between the numerical and
a
s
m
f
T
s
u
t

A
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20576060) and Specialized Research Fund for the Doctoral Pro-
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